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Symplectic and Kahler quotients

@ A symplectic manifold is a differentiable manifold M
together with a non-degenerate closed 2-form w.
A Kahler manifold with its Kahler form is an example of a
symplectic manifold.
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Symplectic and Kahler quotients

@ A symplectic manifold is a differentiable manifold M
together with a non-degenerate closed 2-form w.
A Kahler manifold with its Kahler form is an example of a
symplectic manifold.

@ A transformation f of M is called symplectic if it leaves
invariant the 2-form , i.e., f*w = w.
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Symplectic and Kahler quotients

@ A symplectic manifold is a differentiable manifold M
together with a non-degenerate closed 2-form w.
A Kahler manifold with its Kahler form is an example of a
symplectic manifold.

@ A transformation f of M is called symplectic if it leaves
invariant the 2-form , i.e., f*w = w.

o Let G be Lie group acting symplectically on (M,w). If v is
a vector field generated by the action, then L,w = 0. Since
Lyw = i(v)dw + d(i(v)w), hence d(i(v)w) = 0. If there exists
a function p, : M — R such that

duy, = i(v)w.

the function p, is said to be a Hamiltonian function for the
vector field v.
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Symplectic and Kahler quotients

@ As v ranges over the set of vector fields generated by the
elements of the Lie algebra g of G, these functions can be
chosen to fit together to give a map

Mo M — g*v
defined by
(1(x), a) = pa(x),

where 3 is the vector field generated by a € g, x € X and
(-,-) is the natural pairing between g and its dual.
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Symplectic and Kahler quotients

@ As v ranges over the set of vector fields generated by the
elements of the Lie algebra g of G, these functions can be
chosen to fit together to give a map

Mo M — g*v
defined by
(1(x), a) = pa(x),

where 3 is the vector field generated by a € g, x € X and
(-,-) is the natural pairing between g and its dual.

@ There is a natural action of G on both sides and a constant
ambiguity in the choice of u,. If this can be adjusted so that
1 is G-equivariant, i.e.

1(g(x)) = (Adg)*(u(x)) for g€ G xeM,

then p is called a moment map for the action of G on M.
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Symplectic and Kahler quotients

@ Moment maps give a way of constructing new symplectic
manifolds. More precisely, suppose that G acts freely and
discontinuously on 1 ~1(0) (recall that 1 ~1(0) is
G-invariant), then

p10)/6
is a symplectic manifold of dimension dimM — 2dimG. This is

the symplectic quotient introduced Marsden—Weinstein
(1974).
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Symplectic and Kahler quotients

@ Moment maps give a way of constructing new symplectic
manifolds. More precisely, suppose that G acts freely and
discontinuously on 1 ~1(0) (recall that 1 ~1(0) is
G-invariant), then

p10)/6

is a symplectic manifold of dimension dimM — 2dimG. This is
the symplectic quotient introduced Marsden—Weinstein
(1974).

@ There is a more general construction by taking ;=1 of a
coadjoint orbit. In particular if A is a central element in g*
we can consider the symplectic quotient

pHN)/G.
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Symplectic and Kahler quotients

@ Moment maps give a way of constructing new symplectic
manifolds. More precisely, suppose that G acts freely and
discontinuously on 1 ~1(0) (recall that 1 ~1(0) is
G-invariant), then

p10)/6
is a symplectic manifold of dimension dimM — 2dimG. This is
the symplectic quotient introduced Marsden—Weinstein
(1974).

@ There is a more general construction by taking ;=1 of a
coadjoint orbit. In particular if A is a central element in g*
we can consider the symplectic quotient

pHN)/G.

@ This symplectic reduction process is valid for infinite
dimensional Banach manifolds acted upon by infinite
dimensional Banach Lie groups.
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Symplectic and Kahler quotients

@ Suppose now that M has a Kdhler structure. It is convenient
to describe a Kahler structure on the manifold M as a triple
(g,J,w) consisting of a Riemannian metric g, an integrable
almost complex structure (a complex structure) J and a
symplectic form w on M which satisfies

w(u,v) =g(Ju,v), for xe M and u,v e T,M.

Any two of these structures determines the third one.
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Symplectic and Kahler quotients

@ Suppose now that M has a Kdhler structure. It is convenient
to describe a Kahler structure on the manifold M as a triple
(g,J,w) consisting of a Riemannian metric g, an integrable
almost complex structure (a complex structure) J and a
symplectic form w on M which satisfies

w(u,v) =g(Ju,v), for xe M and u,v e T,M.

Any two of these structures determines the third one.

@ Let G now be a Lie group acting on (M, g, J,w) preserving
the Kahler structure. Then if yu: M — g* is a moment
map, and G acts freely and discontinuously on p~1()\), for
a central element \ € g*, the quotient ©~1()\)/G is also a
Kahler manifold. This process is called Kahler reduction.
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GIT quotients

@ When M is a projective algebraic manifold there is a very
important relation between the symplectic quotient and the
algebraic quotient defined by Mumford’s Geometric
Invariant Theory (GIT).
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GIT quotients

@ When M is a projective algebraic manifold there is a very
important relation between the symplectic quotient and the
algebraic quotient defined by Mumford’s Geometric
Invariant Theory (GIT).

@ Suppose that i : M C P,_1(C) is a projective algebraic
manifold acted on by a reductive algebraic group which we
can assume to be the complexification G¢ of a compact
subgroup G C U(n).
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GIT quotients

@ When M is a projective algebraic manifold there is a very
important relation between the symplectic quotient and the
algebraic quotient defined by Mumford’s Geometric
Invariant Theory (GIT).

@ Suppose that i : M C P,_1(C) is a projective algebraic
manifold acted on by a reductive algebraic group which we
can assume to be the complexification G¢ of a compact
subgroup G C U(n).

@ x € M is semistable if there is a non-constant invariant
polynomial f with f(x) # 0. This is equivalent to saying that
if X € C" is any representative of x, then the closure of the
G°¢-orbit of X does not contain the origin. Let M~ C M
the set of all semistable points.
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GIT quotients

@ When M is a projective algebraic manifold there is a very
important relation between the symplectic quotient and the
algebraic quotient defined by Mumford’s Geometric
Invariant Theory (GIT).

@ Suppose that i : M C P,_1(C) is a projective algebraic
manifold acted on by a reductive algebraic group which we
can assume to be the complexification G¢ of a compact
subgroup G C U(n).

@ x € M is semistable if there is a non-constant invariant
polynomial f with f(x) # 0. This is equivalent to saying that
if X € C" is any representative of x, then the closure of the
G°¢-orbit of X does not contain the origin. Let M~ C M
the set of all semistable points.

@ There is a subset M* C M* of stable points which satisfy the
stronger condition that the G¢-orbit of X is closed in C".
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GIT quotients

@ The algebraic quotient is defined by space
M) G := M*/G".
The quotient M*®/G*€ gives a dense open set of M // G€.
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GIT quotients

@ The algebraic quotient is defined by space
M) G .= M>*/G".
The quotient M*®/G*€ gives a dense open set of M // G€.
e To relate to symplectic quotients, consider the action of U(n)
on P,_1(C) induced by the standard action on C". This
action is symplectic with moment map p : Pp_1(C) — u(n)*

given by
(x) 1 xx*
MX) = S—7m
2 ||x|I?
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GIT quotients

@ The algebraic quotient is defined by space
M) G .= M>*/G".
The quotient M*®/G*€ gives a dense open set of M // G€.
e To relate to symplectic quotients, consider the action of U(n)
on P,_1(C) induced by the standard action on C". This
action is symplectic with moment map p : Pp_1(C) — u(n)*

given by
(x) 1 xx*
MX) = S—7m
2 ||x|I?

@ Then popoi, where p:u(n)* — g* is the projection induced
by the inclusion g C u(n), is a moment map for the action of
G on M.
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GIT quotients

@ The algebraic quotient is defined by space
M) G .= M>*/G".
The quotient M*®/G*€ gives a dense open set of M // G€.
e To relate to symplectic quotients, consider the action of U(n)
on P,_1(C) induced by the standard action on C". This
action is symplectic with moment map p : Pp_1(C) — u(n)*

given by
(x) 1 xx*
MX) = S—7m
2 ||x|I?

@ Then popoi, where p:u(n)* — g* is the projection induced
by the inclusion g C u(n), is a moment map for the action of
G on M.

Theorem (Mumford, Kempf-Ness, Guillemin and Sternberg...)
p1(0)/G =M/ G
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Connections and moment maps

o Let (E, h) be a smooth complex Hermitian vector bundle
over a compact Riemann surface X equipped with a Kahler
form w as in the previous lectures.
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Connections and moment maps

o Let (E, h) be a smooth complex Hermitian vector bundle
over a compact Riemann surface X equipped with a Kahler
form w as in the previous lectures.

@ The set & of h-unitary connections on E is an affine space
modelled on Q*(X, End(E, h)), and is equipped with a
symplectic structure defined by

we(1h,m) = /XTr(wn), Ac o, Y,ne Taed = QY End(E, h)).

This is obviously closed since it is independent of A € 7.
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Connections and moment maps

o Let (E, h) be a smooth complex Hermitian vector bundle
over a compact Riemann surface X equipped with a Kahler
form w as in the previous lectures.

@ The set & of h-unitary connections on E is an affine space
modelled on Q*(X, End(E, h)), and is equipped with a
symplectic structure defined by

Wy (1,m) = /XTr(mn), Acd, € Taed = QYEnd(E, h)).

This is obviously closed since it is independent of A € &/

@ The set € of holomorphic structures on E is an affine
space modelled on Q%!(X,EndE), and has a complex
structure Jy, induced by the complex structure of the
Riemann surface, which is defined by

Je(a) =ia, for g €€ and a € T5.€ = Q> (X,EndE).
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Connections and moment maps

@ The complex structure Jy defines a complex structure J,,
on .o/ via the Chern correspondence o/ = %.
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Connections and moment maps

@ The complex structure Jy defines a complex structure J,,
on .o/ via the Chern correspondence o/ = %.

@ The symplectic structure w,, and the complex structure J,,
define a Kahler structure on 7, which is preserved by the
action of the unitary gauge group ¥.
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Connections and moment maps

@ The complex structure Jy defines a complex structure J,,
on .o/ via the Chern correspondence o/ = %.

@ The symplectic structure w,, and the complex structure J,,
define a Kahler structure on 7, which is preserved by the
action of the unitary gauge group ¥.

o We first observe that Lie? = Q°(X, End(E, h)) is canonically
dual to Q?(X,End(E, h)), i.e., Lie¥* = Q?(X,End(E, h)).
More concretely, let a € Q°(X, End(E, h)) and
a € Q2(X,End(E, h)):

a(a) = /XTr(a Aa).
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Connections and moment maps

@ The complex structure Jy defines a complex structure J,,
on .o/ via the Chern correspondence o/ = %.

@ The symplectic structure w,, and the complex structure J,,
define a Kahler structure on 7, which is preserved by the
action of the unitary gauge group ¥.

o We first observe that Lie? = Q°(X, End(E, h)) is canonically
dual to Q?(X,End(E, h)), i.e., Lie¥* = Q?(X,End(E, h)).
More concretely, let a € Q°(X, End(E, h)) and
a € Q2(X,End(E, h)):

a(a) = /XTr(a Aa).

Theorem (Atiyah—Bott, 1982)

There is a moment map for the action of & on o/ given by

o —s Q%X,End(E, h))
A — FA.
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Connections and moment maps

o To prove this, let a € Lie¥ = Q°(X,End(E, h)), and let 3 be
the vector field generated by a. We have to show that the
function ujz: &/ — R given by

ug(A) = /XTr(a VAN FA)

is Hamiltonian.
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Connections and moment maps

o To prove this, let a € Lie¥ = Q°(X,End(E, h)), and let 3 be
the vector field generated by a. We have to show that the
function ujz: &/ — R given by

ug(A) = /XTr(a VAN FA)

is Hamiltonian.
e Equivalently we have to show that

dﬂg(A)(v):W(v,a):/xﬁ(vm)

o Exercise 5: This follows from:
o a= dAa,
(2)

ds(AY(v) = /X Tr(a A dav),
° /XTr(a/\ dav) = —/XTr(dAa A V).
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Connections and moment maps

@ In order to have a non-empty symplectic reduction, we take
the central element A € Q2(X,End(E, h)) given by
A = —iplgw, and consider = 1(\).
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Connections and moment maps

@ In order to have a non-empty symplectic reduction, we take
the central element A € Q2(X,End(E, h)) given by
A = —iplgw, and consider = 1(\).

@ This coincides with the set
gy ={Aed : Fp=—iukw}

and hence the Kahler quotient ;1 ~1(\)/¥ is precisely the
moduli space of central curvature connections on (E, h).
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Connections and moment maps

@ In order to have a non-empty symplectic reduction, we take
the central element A € Q2(X,End(E, h)) given by
A = —iplgw, and consider u~1(\).

@ This coincides with the set

gy ={Aed : Fp=—iukw}

and hence the Kahler quotient ;1 ~1(\)/¥ is precisely the
moduli space of central curvature connections on (E, h).

@ In view of this, the correspondence given by the
Narasimhan—Seshadri Theorem

pHN/G e € )G

is formally an infinite dimensional version of the
isomorphism between the symplectic and the algebraic
quotients in finite dimensions.
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Connections and moment maps

@ As already mentioned, in order to perform the quotient
construction in the infinite dimensional set up, &/ and ¢ have
to be naturally completed to have Banach manifold
structures.
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Connections and moment maps

@ As already mentioned, in order to perform the quotient
construction in the infinite dimensional set up, &/ and ¢ have
to be naturally completed to have Banach manifold
structures.

o In general, the space u~(\)/¥ has singularities, but if we
restric 1 to the open subspace in o of irreducible
connections then ;1 ~1()\)/¥ is trully a smooth Kihler
manifold, which is identified by the NS theorem with the
moduli space of stable vector bundles.
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Connections and moment maps

@ As already mentioned, in order to perform the quotient
construction in the infinite dimensional set up, &/ and ¢ have
to be naturally completed to have Banach manifold
structures.

o In general, the space u~(\)/¥ has singularities, but if we
restric 1 to the open subspace in o of irreducible
connections then ;1 ~1()\)/¥ is trully a smooth Kihler
manifold, which is identified by the NS theorem with the
moduli space of stable vector bundles.

@ Note that even though & is infinite dimensional, the
symplectic reduction obtained has finite dimension. The
central curvature condition and the action of the gauge group
defined a deformation complex which is elliptic.
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Higgs bundles and moment maps

@ Similarly, the moduli spaces of Higgs bundles can be endowed
with a Kahler structure
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Higgs bundles and moment maps

@ Similarly, the moduli spaces of Higgs bundles can be endowed
with a Kahler structure

o Let us denote Q = QV9(X,EndE). The linear space Q has a
natural complex structure Jq defined by multiplication by i,
and a symplectic structure given by

wa(y,n) = i/ Tr(yAn*), for ® € Q and ¢,n € TeQ = Q.
X
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Higgs bundles and moment maps

@ Similarly, the moduli spaces of Higgs bundles can be endowed
with a Kahler structure

o Let us denote Q = QV9(X,EndE). The linear space Q has a
natural complex structure Jq defined by multiplication by i,
and a symplectic structure given by

wa(y,n) = i/ Tr(yAn*), for ® € Q and ¢,n € TeQ = Q.
X

@ We can now consider 2~ = &/ x € with the symplectic
structure wgp = wy + wq and complex structure
Jo = Jy+ Jo.
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Higgs bundles and moment maps

@ Similarly, the moduli spaces of Higgs bundles can be endowed
with a Kahler structure

o Let us denote Q = QV9(X,EndE). The linear space Q has a
natural complex structure Jq defined by multiplication by i,
and a symplectic structure given by

wa(y,n) = i/ Tr(yAn*), for ® € Q and ¢,n € TeQ = Q.
X

@ We can now consider 2~ = &/ x € with the symplectic
structure wgp = wy + wq and complex structure
Jﬁf = ng + JQ.

@ The action of 4 on 2 preserves wg and Jg and there is a
moment map

pe s X — Q%(X,End(E, h))
(A,®) =  Fa+[0,0%].
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Higgs bundles and moment maps

@ We now consider the subvariety of 2" = &7/ x Q
N ={(da,®) € X : Oa® =0},
corresponding to the space
H ={(0g,®) € € x Q'OX,EndE) : Jed = 0}.

under the identification between .7 and % given by the Chern
correspondence. Avoiding difficulties with possible
singularities, .4 inherits a Kahler structure from 2 .
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Higgs bundles and moment maps

@ We now consider the subvariety of 2" = &7/ x Q
N ={(da,®) € X : Oa® =0},
corresponding to the space
H ={(0g,®) € € x Q'OX,EndE) : Jed = 0}.

under the identification between .7 and % given by the Chern
correspondence. Avoiding difficulties with possible
singularities, .4 inherits a Kahler structure from 2 .

@ Since ./ is ¥-invariant, the moment map is the restriction

v N — Q3(X,End(E, h)).

B=pz
Now the Kahler quotient
N/

is the moduli space of solutions to Hitchin equations.
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U(p, g)-Higgs bundles and moment maps

e Consider Hermitian bundles (V, hy) and (W, hy) of rank p
and g respectively and let <%y and @4y be the corresponding
spaces of unitary connections.
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U(p, g)-Higgs bundles and moment maps

e Consider Hermitian bundles (V, hy) and (W, hy) of rank p
and g respectively and let <%y and @4y be the corresponding
spaces of unitary connections.

o Let
QF = Q(X,Hom(W,V)) & Q = QY(X, Hom(V, W)).
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U(p, g)-Higgs bundles and moment maps

e Consider Hermitian bundles (V, hy) and (W, hy) of rank p
and g respectively and let <%y and @4y be the corresponding
spaces of unitary connections.

o Let
QF = Q(X,Hom(W,V)) & Q = QY(X, Hom(V, W)).

o Consider the space

W = oby x ahy x QT x Q.
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U(p, g)-Higgs bundles and moment maps

e Consider Hermitian bundles (V, hy) and (W, hy) of rank p
and g respectively and let <%y and @4y be the corresponding
spaces of unitary connections.

o Let
QF = Q(X,Hom(W,V)) & Q = QY(X, Hom(V, W)).

o Consider the space

W = oby x ahy x QT x Q.

o Let (E,h) = (VO W, hy @ hyw) and &7, Q and ¥ be the
corresponding set of connections, Higgs fields and gauge

group.
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U(p, g)-Higgs bundles and moment maps

Consider Hermitian bundles (V, hy) and (W, hy) of rank p
and g respectively and let <%y and @4y be the corresponding
spaces of unitary connections.

Let
QF = Q(X,Hom(W,V)) & Q = QY(X, Hom(V, W)).

Consider the space

W = oby x ahy x QT x Q.

Let (E,h) = (Ve W, hy & hw) and </, Q and ¢ be the
corresponding set of connections, Higgs fields and gauge
group.

The space % is a Kahler submanifold of &/ x Q which is
invariant and the subgroup %, x %y C 9.
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U(p, g)-Higgs bundles and moment maps

@ The moment map is hence given by projecting onto
Q*(X,End(V, hy)) & Q*(X, End(W, hy))
sending

(AVaAW7ﬁa7) = (FAV—I_B/\B*+’7*/\’77 FAW+7A’}/*+/B*AB)

Oscar Garcia-Prada ICMAT-CSIC, Madrid Moment maps and moduli spaces



U(p, g)-Higgs bundles and moment maps

@ The moment map is hence given by projecting onto
Q*(X,End(V, hy)) & Q*(X, End(W, hy))
sending

(AVaAW7ﬁa7) = (FAV—I_B/\B*+’7*/\77 FAW_‘_W/\’Y*_‘_ﬁ*AB)

@ We can then restrict this to obtain a moment map p on the
(%y x %y)-invariant Kahler submanifold A% = A4/ N,
where 4 is given above.
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U(p, g)-Higgs bundles and moment maps

@ The moment map is hence given by projecting onto
Q*(X,End(V, hy)) & Q*(X, End(W, hy))
sending

(AVaAW7ﬁa7) = (FAV—I_B/\B*+’7*/\77 FAW+7A’Y*+/B*AB)

@ We can then restrict this to obtain a moment map p on the
(%y x %y)-invariant Kahler submanifold A% = A4/ N,
where 4 is given above.

e The quotient = 1(\)/% x %y is the moduli space of
solutions to the U(p, g)-Hitchin equations, which is
isomorphic to the moduli space of U(p, q)-Higgs bundles
M(p, q, a, b) where a and b are the Chern classes of V and W
respectively.
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Hyperkahler quotients

o A hyperkahler manifold is a differentiable manifold M
equipped with a Riemannian metric g and complex
structures J;, i = 1,2, 3 satisfying the quaternion relations
J,-2 = —1I, J3 = J1 ), etc., such that if we define
wi(-,-) = g(Ji-,-), (g,Ji,wi) is a Kahler structure on M.
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Hyperkahler quotients

o A hyperkahler manifold is a differentiable manifold M
equipped with a Riemannian metric g and complex
structures J;, i = 1,2, 3 satisfying the quaternion relations
J,-2 = —1I, J3 = J1 ), etc., such that if we define
wi(+, ) = g(Ji,+), (g, Ji,wi) is a Kahler structure on M.

@ Let G be a Lie group acting on M preserving the Kahler
structures (g, J;,w;) and having moment maps p; : X — g*
for i =1,2,3. We can combine these moment maps in a map

w:M— g oR3
defined by p = (pi1, p2, p3).
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Hyperkahler quotients

o A hyperkahler manifold is a differentiable manifold M
equipped with a Riemannian metric g and complex
structures J;, i = 1,2, 3 satisfying the quaternion relations
J,-2 = —1I, J3 = J1 ), etc., such that if we define
wi(+, ) = g(Ji,+), (g, Ji,wi) is a Kahler structure on M.

@ Let G be a Lie group acting on M preserving the Kahler
structures (g, J;,w;) and having moment maps p; : X — g*
for i =1,2,3. We can combine these moment maps in a map

w:M— g oR3

defined by p = (pi1, p2, p3).

@ Let \; € g* for i = 1,2, 3 be central elements and consider
the G-invariant submanifold p=1(X\) where XA = (A1, A2, A3).
Then if G acts on pu~1(A) freely and discontinuously the
quotient

1 t(N)/6
is a hyperkahler manifold.
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Hyperkahler quotients and Hitchin equations

o Let (E, h) be a smooth complex Hermitian vector bundle over
a compact Riemann surface X, equipped with a Kahler form
w.
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Hyperkahler quotients and Hitchin equations

o Let (E, h) be a smooth complex Hermitian vector bundle over
a compact Riemann surface X, equipped with a Kahler form
w.

@ Recall that & = o7 x Q has a Kadhler structure defined by
Ja and wg-. Let us rename J; = Jgy .
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Hyperkahler quotients and Hitchin equations

o Let (E, h) be a smooth complex Hermitian vector bundle over
a compact Riemann surface X, equipped with a Kahler form
w.

@ Recall that & = o7 x Q has a Kadhler structure defined by
Ja and wg-. Let us rename J; = Jgy .

e Via the identification o7 = ¢, we have for a € Q%1(X,EndE)
and ¢ € Q°(X,EndE) the following three complex
structures on Z:

I, ) = (i, i)
h(a, ) (i, —ia*)
J3(Oé,¢) = (—W’a*),

where o* and 9" is defined using the Hermitian metric h on E.
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Hyperkahler quotients and Hitchin equations

o Clearly, J;, i = 1,2,3 satisfy the quaternion relations, and
define a hyperkahler structure on 2", with symplectic
structures w;, i = 1,2,3, where w1 = wy-.
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Hyperkahler quotients and Hitchin equations

o Clearly, J;, i = 1,2,3 satisfy the quaternion relations, and
define a hyperkahler structure on 2", with symplectic
structures w;, i = 1,2,3, where w1 = wy-.

@ The action of 4 on 2" preserves the hyperkahler structure
and there are moment maps given by

Ml(Aa ¢) = FA+[¢a d)*]’ ,UZ(Av (D) = Re(gA(D): ﬂ3(A7¢) = Im(gA(D)
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Hyperkahler quotients and Hitchin equations

o Clearly, J;, i = 1,2,3 satisfy the quaternion relations, and
define a hyperkahler structure on 2", with symplectic
structures w;, i = 1,2,3, where w1 = wy-.

The action of 4 on 2" preserves the hyperkdhler structure
and there are moment maps given by

Ml(Aa (D) = FA+[¢a d)*]’ ,UZ(Av (D) = Re(gA(D): ﬂ3(Aa¢) = Im(a_A(D)

Taking XA = (), 0,0), where A = —iplgw, p~1(X)/¥ is the
moduli space of solutions to Hitchin equations. In
particular, if we consider the irreducible solutions g, ()
we have that

pt(N) /9

is a hyperkdhler manifold which, by the Hitchin—Simpson
correspondence, is isomorphic to the moduli space
M?(n, d) of stable Higgs bundles of rank n and d.
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Hyperkahler quotients and flat harmonicity equations

@ Let us now see how the moduli of harmonic flat connections
on (E, h) can be realized as a hyperkahler quotient.
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Hyperkahler quotients and flat harmonicity equations

@ Let us now see how the moduli of harmonic flat connections
on (E, h) can be realized as a hyperkahler quotient.

@ The set & of connection on E is an affine space modelled on
QY(X,EndE) = Q%(X, T*X ®g EndE), and hence it has the
complex structure 1 =1 ® /.

Oscar Garcia-Prada ICMAT-CSIC, Madrid Moment maps and moduli spaces



Hyperkahler quotients and flat harmonicity equations

@ Let us now see how the moduli of harmonic flat connections
on (E, h) can be realized as a hyperkahler quotient.

@ The set & of connection on E is an affine space modelled on
QY(X,EndE) = Q%(X, T*X ®g EndE), and hence it has the
complex structure 1 =1 ® /.

@ Using the complex structure of X we have also the complex
structure l, = i ® 7, where 7(¢)) = ¥* is the involution
defined by the Hermitian metric h. We can finally consider the
complex structure I3 = I b,.
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Hyperkahler quotients and flat harmonicity equations

@ Let us now see how the moduli of harmonic flat connections
on (E, h) can be realized as a hyperkahler quotient.

@ The set & of connection on E is an affine space modelled on
QY(X,EndE) = Q%(X, T*X ®g EndE), and hence it has the
complex structure 1 =1 ® /.

@ Using the complex structure of X we have also the complex
structure l, = i ® 7, where 7(¢)) = ¥* is the involution
defined by the Hermitian metric h. We can finally consider the
complex structure I3 = I b,.

@ The Hermitian metric on [E together with a Riemannian
metric of X defines a flat Riemannian metric gy on
which is kahler for the above three complex structures. Hence
(2,89, h, h,5) is also a hyperkadhler manifold.
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Hyperkahler quotients and harmonicity equations

@ As in the previous case, the action of the gauge group ¢ on
2 preserves the hyperkahler structure and there are
moment maps

p1(D) = daV,  pa(D) = Im(Fp), n3(D) = Re(Fp),

where D = da + V is the decomposition of D using the
Hermitian metric of E.
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Hyperkahler quotients and harmonicity equations

@ As in the previous case, the action of the gauge group ¢ on
2 preserves the hyperkahler structure and there are
moment maps

p1(D) = daV,  pa(D) = Im(Fp), n3(D) = Re(Fp),

where D = da + V is the decomposition of D using the
Hermitian metric of E.
Hence the moduli space of solutions to the flat
harmonicity equations is the hyperkahler quotient defined
by

11(0,1,0)/4,

where p = (1, p2, u3) and A = —iplgw.
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Hyperkahler quotients and NAHT

@ The homeomorphism between the moduli spaces of solutions
to the Hitchin and the flat harmonicity equations is induced
from the hypercomplex affine map

g xR 9
(da,®) > da+ o+ 0"
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Hyperkahler quotients and NAHT

@ The homeomorphism between the moduli spaces of solutions
to the Hitchin and the flat harmonicity equations is induced
from the hypercomplex affine map

g xR 9
(da,®) > da+ o+ 0"

@ This map sends o/ x Q with complex structure J, to & with
complex structure /7.
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Hyperkahler quotients and NAHT

@ The homeomorphism between the moduli spaces of solutions
to the Hitchin and the flat harmonicity equations is induced
from the hypercomplex affine map

g xR 9
(da,®) > da+ o+ 0"

@ This map sends o/ x Q with complex structure J, to & with
complex structure /7.

@ Now, the Hitchin—Simpson and Donaldson—Corlette
correspondences can be regarded as existence theorems,
establishing the non-emptiness of the hyperkahler quotient,
obtained by focusing on different complex structures.
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Hyperkahler quotients and NAHT

@ The homeomorphism between the moduli spaces of solutions
to the Hitchin and the flat harmonicity equations is induced
from the hypercomplex affine map

g xR 9
(da,®) > da+ o+ 0"

@ This map sends o/ x Q with complex structure J, to & with
complex structure /7.

@ Now, the Hitchin—Simpson and Donaldson—Corlette
correspondences can be regarded as existence theorems,
establishing the non-emptiness of the hyperkahler quotient,
obtained by focusing on different complex structures.
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Hyperkahler quotients and NAHT

@ For Hitchin—Simpson correspondence one gives a special
status to the complex structure Jj.
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Hyperkahler quotients and NAHT

@ For Hitchin—Simpson correspondence one gives a special
status to the complex structure Jj.

@ Combining the symplectic forms determined by J> and J3 one
has the Ji-holomorphic symplectic form we = wo + w3 on
o x €.
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Hyperkahler quotients and NAHT

@ For Hitchin—Simpson correspondence one gives a special
status to the complex structure Jj.

@ Combining the symplectic forms determined by J> and J3 one
has the Ji-holomorphic symplectic form we = wo + w3 on
o x €.

@ The complex gauge group ¢°¢ acts on o7 x § preserving wc.
The symplectic quotient construction can also be extended
to the holomorphic situation to obtain the holomorphic
symplectic quotient {(Jg,®) : Og® = 0}/%°.
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Hyperkahler quotients and NAHT

@ For Hitchin—Simpson correspondence one gives a special
status to the complex structure Jj.

@ Combining the symplectic forms determined by J> and J3 one
has the Ji-holomorphic symplectic form we = wo + w3 on
o x €.

@ The complex gauge group ¢°¢ acts on o7 x § preserving wc.
The symplectic quotient construction can also be extended
to the holomorphic situation to obtain the holomorphic
symplectic quotient {(Jg,®) : Og® = 0}/%°.

@ The Hitchin—Simpson correspondence says that for a class
[(Og, ®)] in this quotient to have a representative (unique up
to unitary gauge) satisfying 1 = A it is necessary and
sufficient that the pair (O, ®) be polystable.
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Hyperkahler quotients and NAHT

@ For Hitchin—Simpson correspondence one gives a special
status to the complex structure Jj.

@ Combining the symplectic forms determined by J> and J3 one
has the Ji-holomorphic symplectic form we = wo + w3 on
o x €.

@ The complex gauge group ¢°¢ acts on o7 x § preserving wc.
The symplectic quotient construction can also be extended
to the holomorphic situation to obtain the holomorphic
symplectic quotient {(Jg,®) : Og® = 0}/%°.

@ The Hitchin—Simpson correspondence says that for a class
[(Og, ®)] in this quotient to have a representative (unique up
to unitary gauge) satisfying 1 = A it is necessary and
sufficient that the pair (O, ®) be polystable.

@ This identifies the hyperkahler quotient to the set of
equivalence classes of polystable pairs on E.
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Hyperkahler quotients and NAHT

@ For Hitchin—Simpson correspondence one gives a special
status to the complex structure Jj.

@ Combining the symplectic forms determined by J> and J3 one
has the Ji-holomorphic symplectic form we = wo + w3 on
o x €.

@ The complex gauge group ¢°¢ acts on o7 x § preserving wc.
The symplectic quotient construction can also be extended
to the holomorphic situation to obtain the holomorphic
symplectic quotient {(Jg,®) : Og® = 0}/%°.

@ The Hitchin—Simpson correspondence says that for a class
[(Og, ®)] in this quotient to have a representative (unique up
to unitary gauge) satisfying 1 = A it is necessary and
sufficient that the pair (O, ®) be polystable.

@ This identifies the hyperkahler quotient to the set of
equivalence classes of polystable pairs on E.

o If one now takes J» on & x ( or equivalently & with /; and
argues in a similar way, one gets the Donaldson—Corlette

Oscar Garcia-Prada ICMAT-CSIC, Madrid Moment maps and moduli spaces



Some references

M.F. Atiyah and R. Bott, The Yang-Mills equations over Riemann
surfaces, Phil. Trans. R. Soc. Lond. A 308 (1982), 523-615.

S.B. Bradlow, O. Garcia-Prada and P.B. Gothen, Surface group
representations and U(p, g)-Higgs bundles, J. Differential Geom. 64
(2003), 111-170.

K. Corlette, Flat G—bundles with canonical metrics, J. Diff. Geom. 28
(1988), 361-382.

S. K. Donaldson, A new proof a theorem of Narasimhan and Seshadri, J.
Diff. Geom. 18, (1982), 269-278.

S.K. Donaldson, Twisted harmonic maps and the self-duality equations,
Proc. London Math. Soc. (3) 55 (1987), 127-131.

N.J. Hitchin, The self-duality equations on a Riemann surface, Proc.
Lond. Math. Soc. 55 (1987), 59-126.

N.J. Hitchin, A. Karlhede, U. Lindstrom, and M. Rogek, Hyperkahler
metrics and supersymmetry, Comm. Math. Phys. 108 (1987), 535-589.

Oscar Garcia-Prada ICMAT-CSIC, Madrid Moment maps and moduli spaces



Some references

@ S. Kobayashi, Differential Geometry of Complex Vector Bundles,
Princeton University Press, New Jersey, 1987.

@ M.S. Narasimhan and C.S. Seshadri, Stable and unitary bundles on a
compact Riemann surface, Ann. of Math. 82 (1965), 540-564.

@ C.T. Simpson, Constructing variations of Hodge structure using
Yang—Mills theory and applications to uniformization, J. Amer. Math.
Soc. 1 (1988), 867-918.

@ R.O. Wells, Differential Analysis on Complex Manifolds, Springer, GTM
65, 3rd edition, 2007 (with an appendix by O. Garcia-Prada).

Oscar Garcia-Prada ICMAT-CSIC, Madrid Moment maps and moduli spaces



