
Flows of SU(2)-structures and beyond

Udhav Fowdar

University of Turin

(joint work with Henrique Sá Earp)

BRIDGES meeting in Gauge Theory, extremal structures and stability

25th June - 5th July 2024

Udhav Fowdar (UniTo) Flows of SU(2)-structures and beyond 25th June - 5th July 2024 1 / 21



Motivation

Given (M,g), consider the problem of evolving g by a geometric flow to
make it “better”.

Desirable properties:
Evolve by a quantity depending only on g (invariants)
Flow should have short time existence (we’ll stick to second order
flows because I only know how to prove existence in this case!)

What are the possibilities?
All invariants of g are given by Rm (and its derivatives)

Rm = Scal +Ric0 +W

So any such flow is of the form

∂t(g) = λ1Scal(g)g + λ2Ric(g)

⇒ 2-parameter of flow. For flow to exist we typically need λ1, λ2 ≤ 0.

Want to address this problem for an H-structure with H ⊂ O(n).
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Berger’s classification

My main interest is when H belongs to Berger’s list:

Dim Holonomy group Parallel tensor Geometry
2n U(n) ω, J Kähler
2n SU(n) ω,Ψ Calabi-Yau
4n Sp(n) ω1, ω2, ω3 HyperKähler
4n Sp(n)Sp(1) Ω Quaternion-Kähler
7 G2 ϕ G2
8 Spin(7) Φ Spin(7)

Holonomy reduction is equivalent to ∇η = 0, where Stab(η) ≅ H ⊂ SO(n).
Interested in finding solutions by means of geometric flow i.e.

∂

∂t
η = ⋯

One can also consider Sasaki, 3-Sasaki, PSU(3),... structures
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General framework for flows of H-structures

Given a 2-tensor A ∈ gl(n,R) ≅ T ∗ ⊗T ∗ we can act by endomorphism ◇ on
any tensor α i.e. (A ◇ α)ij ...k = Aiaαaj ...k +⋯ +Akaαij ...a.

[Fadel-Loubeau-Moreno-Sá Earp 22], [Karigiannis 08]
A general H-flow can be expressed as

∂

∂t
(η) = A ◇ η

Intuition: Given initial H-structure defined by η0, we deform it by flowing in
directions tangential to its GL(n,R) orbit so as to ensure η does not
“degenerate”.

Note that if A ∈ h then A ◇ η = 0, so we need

A ∈ End(Rn)h ∶= End(Rn)/h = S2 ⊕ h⊥.
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Invariant quantities: rep theory

We now know which spaces A has to belong to, but how do we choose it?

Want A to be an invariant of the H-structure.

Bryant 03
Given H ⊂ O(n), the space of kth order invariants Vk(h) is implicitly given
by

Vk(h) ⊕ (Λ1 ⊗ Sk+1) = (S2 ⊕ h⊥) ⊗ Sk ,

where Sk = Sk(Λ1) and h⊥ = Λ2/h.

Proof.
V1(h) = Λ1 ⊗ h⊥ is the space of intrinsic torsion. On the other hand V2(h)
is spanned by ∇T and Rm but these overlap in h⊥ ⊗ Λ2 due to a Bianchi
type identity: ∇T ◇ η = ∇2η + l.o.t . Can iterate this argument for other
Vk(h) using differential Bianchi identity.

Let us illustrate this explicitly in a few cases!
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Simplest case i.e. H = O(n)

Cartan, Weyl

V1(so(n)) = 0

V2(so(n)) = 1R⊕ 1S2
0 (Rn) ⊕W

End(Rn)so(n) = 1R⊕ 1S2
0 (R7)

There are 3 second order invariants: Scalar, Ricci and Weyl curvature.

1 × 1 + 1 × 1 = 2

There is a 2-parameter of O(n) flows!

∂t(g) = λ1Scal(g)g + λ2Ric(g).
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The G2 case

Bryant 03, Dwivedi-Karigiannis-Gianniotis 23

V1(g2) = R⊕R7 ⊕ S2
0 (R7) ⊕ g2

V2(g2) = 1R⊕ 2R7 ⊕ 3S2
0 (R7) ⊕V0,1 ⊕ 2V1,1 ⊕V0,2 ⊕V3,0

End(R7)g2 = 1R⊕ 1R7 ⊕ 1S2
0 (R7)

1 × 1 + 2 × 1 + 3 × 1 = 6

There is a 6-parameter of G2 flows to second order!

∂t(ϕ) = (λ1Scal(g)g+λ2Ric(g)+λ3W27+λ4Lτ1g+λ5div(T )+λ6div(T t))◇ϕ.

Recall that T ∈ Λ1 ⊗ g⊥2 ⊂ Λ1 ⊗ Λ2 is defined by T ◇ ϕ = ∇ϕ.

Rmk: For ∂t(ϕ) = ∆ϕϕ AND dϕt = 0, λ2 = −1 and λi = 0 otherwise.
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The Spin(7) case

F20, Dwivedi 24

V1(spin(7)) = R8 ⊕R48

V2(spin(7)) = 1R⊕ 1R7 ⊕ 2S2
0 (R8) ⊕V0,1,0 ⊕V1,1,0 ⊕V2,0,0 ⊕V0,2,0 ⊕V1,0,2

End(R8)spin(7) = 1R⊕ 1R7 ⊕ 1S2
0 (R8)

1 × 1 + 2 × 1 + 1 × 1 = 4

There is a 4-parameter of Spin(7) flows to second order!

∂t(Φ) = (λ1Scal(g)g + λ2Ric(g) + λ3LT1g + λ4div(T )) ◇Φ.
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The SU(3) case

Bedulli-Vezzoni 07

V1(su(3)) = 2R⊕ 2R6 ⊕ 2su3⊕R12

V2(su(3)) = 3R⊕ 4R6 ⊕ 5su3⊕ 4R12 ⊕ 3V2,1 ⊕V2,2 ⊕V3,0

End(R6)su(3) = 2R⊕ 1R6 ⊕ 1su3⊕ 1R12

3 × 2 + 4 × 1 + 5 × 1 + 4 × 1 = 19

There is a 19-parameter of SU(3) flows to second order!

In fact out of the 3 + 4 + 5 + 4 = 16 invariants, 7 are computable only from
curvature: 3 of which come from Ricci and 4 from Weyl!
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The SU(2) case

F.-Sá Earp 24

V1(su(2)) = 3R4

V2(su(2)) = 9R⊕ 12R3 ⊕R5

End(R4)su(2) = 4R⊕ 3R3

9 × 4 + 12 × 3 = 72

There is a 72-parameter of SU(2) flows to second order!
Let’s be more explicit in this case.

Rmk: V2(sp(2)) = 13R⊕ 27sp(2) ⊕ 24R5 ⊕⋯ so it gets harder in higher
dimension....
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First order invariants

The intrinsic torsion T ∈ Λ1 ⊗ su(2)⊥ ⊂ Λ1 ⊗ Λ2 is defined by

T (⋅) ◇ω = ∇⋅ω,

where ω ∶= (ω1, ω2, ω3), but su(2)⊥ ≅ Λ2
+, so we have

T = a1 ⊗ ω1 + a2 ⊗ ω2 + a3 ⊗ ω3 ∈ 3R4 ≅ V1(su(2))

Explicitly,

a1 =
1
2
(− ∗ dω1 − J2 ∗ dω2 + J3 ∗ dω3)

a2 =
1
2
(− ∗ dω2 − J3 ∗ dω3 + J1 ∗ dω1)

a3 =
1
2
(− ∗ dω3 − J1 ∗ dω1 + J2 ∗ dω2)

Next we want: Second order invariants V2(su(2))!
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Second order invariants

Recall that
V2(su(2)) = 9R⊕ 12R3 ⊕R5.

F-Sá Earp
All second-order invariants of an SU(2)-structure can be expressed in terms
of the following linearly independent terms:

1 The 9 functions δa1, δa2, δa3 and g(dai , ωj), where 1 ≤ i ≤ j ≤ 3.
2 The 12 anti-selfdual forms π2

−(dai), where i = 1,2,3, and S2
0,j(∇ai),

where i , j = 1,2,3.
3 The anti-selfdual Weyl curvature W − ∈ S2

0 (Λ2
−).

In particular, this implies that Ric and W + are expressible in terms of (1)
and (2) + lower order terms in S2(V1(su(2))).

Udhav Fowdar (UniTo) Flows of SU(2)-structures and beyond 25th June - 5th July 2024 12 / 21



Explicit formulae: Self-dual Weyl

W + = − 1
24
(2g(da1, ω1) − g(da2, ω2) − g(da3, ω3)

+ g(J3a1, a2) − g(J2a1, a3) − 2g(J1a2, a3))(2ω2
1 − ω2

2 − ω2
3)

− 1
8
(g(da2, ω2) − g(da3, ω3) + g(J3a1, a2) + g(J2a1, a3))(ω2

2 − ω2
3)

− 1
4
(g(da2, ω1) + g(J1a1, a3))(ω1 ⊙ ω2)

− 1
4
(g(da3, ω2) + g(J2a2, a1))(ω2 ⊙ ω3)

− 1
4
(g(da1, ω3) + g(J3a3, a2))(ω3 ⊙ ω1) ∈ S2

0 (Λ2
+).

Udhav Fowdar (UniTo) Flows of SU(2)-structures and beyond 25th June - 5th July 2024 13 / 21



Explicit formulae: Ricci

Scal(g) = −2(
3
∑
i=1

g(dai , ωi) + g(J1(a1), J2(a2)) + g(J1(a1), J3(a3))

+ g(J2(a2), J3(a3))).

Ric0(g) = P1(π2
−(Φ1)) + P2(π2

−(Φ2)) + P3(π2
−(Φ3)),

where recall Pi ∶ Λ2
−
≃Ð→ S2

0,i and

Φ1 ∶= da1 +
1
4
(J2(a2) ∧ J2(a3) − J1(a1) ∧ J2(a3) + J2(a2) ∧ a1)

− 1
4
(J1(a1) ∧ J3(a2) + J3(a3) ∧ a1) −

3
4
(J3(a3) ∧ J3(a2)),

and similar expressions hold for Φ2,Φ3.

Let’s go back to SU(2)-flows
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SU(2) flows

Any SU(2)-flow can be expressed as

∂t(ω) = A ◇ω

where A = f0g +B0,1 +B0,2 +B0,3 + f1ω1 + f2ω2 + f3ω3

∂tω1 = +f0ω1 + f3ω2 − f2ω3 + B̃0,1

∂tω2 = −f3ω1 + f0ω2 + f1ω3 + B̃0,2

∂tω3 = +f2ω1 − f1ω2 + f0ω3 + B̃0,3

Recall that there is a 72-parameter of SU(2)-flows.
But there are some flows which are more natural than other namely those
that arise gradient of some functionals.
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Quadratic functionals

S2(V1(su(2))) = 15R⊕ 21R3

So there are 15 quadratic functionals in T . These are explicitly given by

∫
M
g(ai , Jjak) vol,

and include ∫ ∣T ∣2 vol and ∫ ∣NJ ∣2 vol.

By comparison:

S2(V1(g2)) = 4R⊕⋯
S2(V1(spin(7))) = 2R⊕⋯
S2(V1(su(3))) = 11R⊕⋯

Rmk: One can also consider functionals coming the R components of
V2(h) e.g. ∫M Scal(g) vol
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SU(2) flows

Consider the 2-parameter family given by

∂t(ω) = (−2Ric(g) − λ1LV g + λ2

3
∑
i=1

div(ai)) ◇ω =∶ Q(ω),

where V = ∑3
i=1 (Jiai)♯.

1 If λ1 = 0, λ2 = 1 and ignore Ricci term then this is negative gradient
flow of ∫M ∣T ∣2 vol for fixed g . This called the harmonic/isometric
flow.

2 If λ1 = 0 and λ2 = 1 then this is Ricci harmonic flow.
3 If λ1 = 1 and λ2 = 1/2 then this is negative gradient flow of ∫M ∣T ∣2 vol.
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SU(2) flows

F- Sá Earp
The SU(2)-flow

∂t(ω) = (−2Ric(g) − λ1L∑2
i=1 Jiai

g + λ2

3
∑
i=1

div(ai)) ◇ω

has short time existence and uniqueness for 9 − 4
√
5 < λ2 + λ1

2 < 9 + 4
√
5.
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Sketch proof

Flow is not parabolic due to diffeomorphism invariance! This suggests to
use DeTurck trick as in the case of Ricci flow.

S1: Replace Q(ω) by P(ω) ∶= Q(ω) + LXω, where X =WDT + λ1V
S2: The new flow becomes

∂t(ω) = (−2Ric(g) + LWDT
g + λ2∑

i

div(ai)ωi − dX ♭) ◇ω

Upshot: Symmetric part is Ricci DeTurck flow (which is strongly
parabolic!), so suffices to linearise skewsymmetric part and compute the
condition when principal symbol of LP is invertible: this gives the range.
S3: Pulling back by the flow generated by X yields short time existence for
original flow: ∂t(ω) = Q(ω).
S4: Uniqueness: given 2 solutions, we can pullback by the diffeomorphisms
generated by λVi to get 2 Ricci like flows. Use harmonic map flow to get
another pair of diffeomorphisms and show that pullback flow is parabolic
(hence unique). Then since Vi depend on ωi , one can argue that they
induce the same diffeomorphism.
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SU(2) flows

F- Sá Earp
The SU(2)-flow

∂t(ω) = (−2Ric(g) − λ1L∑2
i=1 Jiai

g + λ2

3
∑
i=1

div(ai)) ◇ω

has short time existence and uniqueness for 9 − 4
√
5 < λ2 + λ1

2 < 9 + 4
√
5.

1 We can add terms involving W + (i.e. g(dai , ωj)) into the above flow
and still get existence! Are there good choices?

2 The Lie derivative term can more generally be set to ∑i ,j λijLJiajg
3 Questions: What l.o.t to choose? Are there flows preserving torsion

classes (or combinations of those) e.g. Laplacian flow? Long time
existence, singularities, ...
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Thank you for listening!
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