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Given (M, g), consider the problem of evolving g by a geometric flow to
make it “better”.
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Given (M, g), consider the problem of evolving g by a geometric flow to
make it “better”. Desirable properties:

e Evolve by a quantity depending only on g (invariants)

@ Flow should have short time existence (we'll stick to second order
flows because | only know how to prove existence in this case!)
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e Evolve by a quantity depending only on g (invariants)

@ Flow should have short time existence (we'll stick to second order
flows because | only know how to prove existence in this case!)

What are the possibilities?
All invariants of g are given by Rm (and its derivatives)

Rm = Scal + Ricg + W
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Given (M, g), consider the problem of evolving g by a geometric flow to
make it “better”. Desirable properties:

e Evolve by a quantity depending only on g (invariants)

@ Flow should have short time existence (we'll stick to second order
flows because | only know how to prove existence in this case!)

What are the possibilities?
All invariants of g are given by Rm (and its derivatives)

Rm = Scal + Ricg + W

So any such flow is of the form

0t(g) = M\1Scal(g)g + \2Ric(g)

= 2-parameter of flow. For flow to exist we typically need A1, A\» < 0.
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Given (M, g), consider the problem of evolving g by a geometric flow to
make it “better”. Desirable properties:

e Evolve by a quantity depending only on g (invariants)

@ Flow should have short time existence (we'll stick to second order
flows because | only know how to prove existence in this case!)

What are the possibilities?
All invariants of g are given by Rm (and its derivatives)

Rm = Scal + Ricg + W
So any such flow is of the form
d¢(g) = MiScal(g)g + AoRic(g)

= 2-parameter of flow. For flow to exist we typically need A1, A\» < 0.

Want to address this problem for an H-structure with H c O(n).
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Berger's classification

My main interest is when H belongs to Berger's list:

Dim | Holonomy group | Parallel tensor Geometry
2n U(n) w,J Kahler
2n SU(n) w,V Calabi-Yau
4n Sp(n) W1, W, w3 HyperKahler
4n Sp(n)Sp(1) Q Quaternion-Kahler
7 Go © Go
8 Spin(7) ¢ Spin(7)
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Berger's classification

My main interest is when H belongs to Berger's list:

Dim | Holonomy group | Parallel tensor Geometry
2n U(n) w,J Kahler
2n SU(n) w,V Calabi-Yau
4n Sp(n) W1, W, w3 HyperKahler
4n Sp(n)Sp(1) Q Quaternion-Kahler
7 Go © Go
8 Spin(7) ¢ Spin(7)

Holonomy reduction is equivalent to V7 = 0, where Stab(n) * H c SO(n).
Interested in finding solutions by means of geometric flow i.e.

d
_”7 = ees
ot
One can also consider Sasaki, 3-Sasaki, PSU(3),... structures
Flows of SU(2)-structures and beyond 25th June - 5th July 2024 3/21
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General framework for flows of H-structures

Given a 2-tensor A€ gl(n,R) = T* ® T* we can act by endomorphism ¢ on
any tensor a i.e. (Ao )jj k= Aalaj ik + + Akaltjj...a-

[Fadel-Loubeau-Moreno-Sa Earp 22], [Karigiannis 08]

A general H-flow can be expressed as
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General framework for flows of H-structures

Given a 2-tensor A€ gl(n,R) = T* ® T* we can act by endomorphism ¢ on
any tensor a i.e. (Ao )jj k= Aalaj ik + + Akaltjj...a-

[Fadel-Loubeau-Moreno-Sa Earp 22], [Karigiannis 08]

A general H-flow can be expressed as

Intuition: Given initial H-structure defined by 79, we deform it by flowing in
directions tangential to its GL(n,R) orbit so as to ensure 7 does not
“degenerate”.
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General framework for flows of H-structures

Given a 2-tensor A€ gl(n,R) = T* ® T* we can act by endomorphism ¢ on
any tensor a i.e. (Ao )jj k= Aalaj ik + + Akaltjj...a-

[Fadel-Loubeau-Moreno-Sa Earp 22], [Karigiannis 08]

A general H-flow can be expressed as

Intuition: Given initial H-structure defined by 79, we deform it by flowing in
directions tangential to its GL(n,R) orbit so as to ensure 7 does not
“degenerate”.
Note that if A€ bh then Aon =0, so we need

A e End(R"), := End(R")/h = S* @ h*.
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Invariant quantities: rep theory

We now know which spaces A has to belong to, but how do we choose it?
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Invariant quantities: rep theory

We now know which spaces A has to belong to, but how do we choose it?
Want A to be an invariant of the H-structure.

Bryant 03
Given H c O(n), the space of kth order invariants Vi (h) is implicitly given
by

Vi(h) @ (\'® 5**1) = (S* @ h*) ® S,
where S¥ = SK(A!) and h* = A?/p.

Udhav Fowdar (UniTo) Flows of SU(2)-structures and beyond 25th June - 5th July 2024 5/21



Invariant quantities: rep theory

We now know which spaces A has to belong to, but how do we choose it?
Want A to be an invariant of the H-structure.

Bryant 03

Given H c O(n), the space of kth order invariants Vi (h) is implicitly given
by
Vi(h) & (N ® S1) = (S? @ h*) ® S,

where S¥ = SK(A!) and h* = A?/p.

Proof.

Vi(h) = Al ® h* is the space of intrinsic torsion. On the other hand V5 (h)
is spanned by VT and Rm but these overlap in h* ® A? due to a Bianchi
type identity: VT o7 =V?p+Lo.t . Can iterate this argument for other
Vi () using differential Bianchi identity. O]

v
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Invariant quantities: rep theory

We now know which spaces A has to belong to, but how do we choose it?
Want A to be an invariant of the H-structure.

Bryant 03

Given H c O(n), the space of kth order invariants Vi (h) is implicitly given
by
Vi(h) & (N ® S1) = (S? @ h*) ® S,

where S¥ = SK(A!) and h* = A?/p.

Proof.

Vi(h) = Al ® h* is the space of intrinsic torsion. On the other hand V5 (h)
is spanned by VT and Rm but these overlap in h* ® A? due to a Bianchi
type identity: VT o7 =V?p+Lo.t . Can iterate this argument for other
Vi () using differential Bianchi identity. O]

v

Let us illustrate this explicitly in a few cases!

Udhav Fowdar (UniTo) Flows of SU(2)-structures and beyond 25th June - 5th July 2024 5/21



Simplest case i.e. H=0(n)

Vi(so(n)) =0
Vo(so(n)) = 1IR® 1S3(R™) @ W
End(R")so(ny = IR ® 155 (R7)

There are 3 second order invariants: Scalar, Ricci and Weyl curvature.
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Simplest case i.e. H=0(n)

Vi(so(n)) =0
Vo(so(n)) = 1IR® 1S3(R™) @ W
End(R")so(ny = IR ® 155 (R7)

There are 3 second order invariants: Scalar, Ricci and Weyl curvature.
Ix1+1x1=2
There is a 2-parameter of O(n) flows!

Ot(g) = MScal(g)g + \2Ric(g).
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Bryant 03, Dwivedi-Karigiannis-Gianniotis 23

Vi(go) =Re R’ @ S2(R7) @ g>
Vz(gg) =1R&® 2R7 (&) 358(R7) (&) V071 D 2\/171 (&) V072 D V370
End(R")y, = IR @ 1R” @ 153(R")

Ix1+2x1+3x1=6
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Bryant 03, Dwivedi-Karigiannis-Gianniotis 23

Vi(go) =Re R’ @ S2(R7) @ g>
Vz(gg) =1R&® 2R7 (&) 358(R7) (&) V071 D 2\/171 (&) V072 D V370
End(R")y, = IR @ 1R” @ 153(R")

Ix1+2x1+3x1=6

There is a 6-parameter of G, flows to second order!
0:() = (M\1Scal(g) g+ oRic(g)+ 3 War+ A L g+ Asdiv( T)+Aediv( TF))op.

Recall that T e Al ® g5 c A ® A% is defined by T o = V.
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Bryant 03, Dwivedi-Karigiannis-Gianniotis 23

Vi(go) =Re R’ @ S2(R7) @ g>
Vz(gg) =1R&® 2R7 (&) 353(R7) (&) V071 D 2\/171 (&) V072 D V370
End(R")y, = IR @ 1R” @ 153(R")

Ix1+2x1+3x1=6

There is a 6-parameter of G, flows to second order!
0:() = (M\1Scal(g) g+ oRic(g)+ 3 War+ A L g+ Asdiv( T)+Aediv( TF))op.
Recall that T e Al ® g5 c A ® A% is defined by T o = V.

Rmk: For 0:(¢) = Ay AND dy; =0, A2 = -1 and A; = 0 otherwise.
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The Spin(7) case

F20, Dwivedi 24

Vi(spin(7)) = R® @ R*®
Vo (spin(7)) = 1R @ IR @ QSS(RB) ® V01,09 V1,10® Vo,00® Vo20® Vip2
End(R®)gpin(7) = IR ® IR’ ® 15(R?)

I1x1+2x1+1x1=4
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The Spin(7) case

F20, Dwivedi 24

Vi(spin(7)) = R® @ R*®
Vo (spin(7)) = 1R @ IR @ QSS(RB) ® V01,09 V1,10® Vo,00® Vo20® Vip2
End(R®)gpin(7) = IR ® IR’ ® 15(R?)

Ix1+2x1+1x1=4

There is a 4-parameter of Spin(7) flows to second order!

Ot (®) = (M1Scal(g)g + \oRic(g) + \3Lr, g + \adiv(T)) o .
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The SU(3) case

Bedulli-Vezzoni 07

Vi(su(3)) = 2R @ 2R° @ 25u3 @ R'?
Vao(su(3)) = 3R @ 4R® @ 55u3 @ 4R™Z @ 3V4; @ Vo @ V3
End(R®)4y3) = 2R & 1R® @ 1su3 @ 1R™

3x2+4x1+5x1+4x1=19

There is a 19-parameter of SU(3) flows to second order!

In fact out of the 3+ 4 +5+4 =16 invariants, 7 are computable only from
curvature: 3 of which come from Ricci and 4 from Weyl!

Udhav Fowdar (UniTo) Flows of SU(2)-structures and beyond 25th June - 5th July 2024 9/21



The SU(2) case

F.-Sa Earp 24

Vi(su(2)) = 3R*
Vo(su(2)) = 9R @ 12R3 @ R®
End(R*).,(0) = 4R @ 3R*

Ox4+12x3=72

There is a 72-parameter of SU(2) flows to second order!
Let's be more explicit in this case.
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The SU(2) case

F.-Sa Earp 24

Vi(su(2)) = 3R*
Vo(su(2)) = 9R @ 12R3 @ R®
End(R*).,(0) = 4R @ 3R*

Ix4+12x3=72
There is a 72-parameter of SU(2) flows to second order!

Let's be more explicit in this case.

Rmk: Vo(s5p(2)) = 13R @ 275p(2) @ 24R° @ --- so it gets harder in higher
dimension....
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First order invariants

The intrinsic torsion T e A ® su(2)* c A' ® A? is defined by
T()ow=Vuw,
where w := (w1, w2, ws), but su(2)* = A2, so we have

T=a1®wi+aQuwr+az3Quw3e€ 3R4 = V1(5Ll(2))

Explicitly,

1

a = E(—*doul—./z*dw2‘*‘J3*dW3)
1

ap = 5(—>ed(.<)2—J3*d(«d3+-/1 * dwy)

1
as = 5(—*dw3—J1 *dw1+J2 X—dwz)
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First order invariants

The intrinsic torsion T e A ® su(2)* c A' ® A? is defined by
T()ow=Vuw,
where w := (w1, w2, ws), but su(2)* = A2, so we have

T=a1®wi+aQuwr+az3Quw3e€ 3R4 = V1(5Ll(2))

Explicitly,

1

a = E(—*doul—./z*dw2‘*‘J3*dW3)
1

ap = 5(—>ed(.<)2—J3*d(«d3+-/1 * dwy)

1
as = 5(—*dw3—J1 *dw1+J2 X—dwz)

Next we want: Second order invariants V5 (su(2))!
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Second order invariants

Recall that
Vo(su(2)) = IR @ 12R> @ R°.

F-Sa Earp
All second-order invariants of an SU(2)-structure can be expressed in terms
of the following linearly independent terms:
@ The 9 functions day,daz, daz and g(daj,w;), where 1 << j<3.
© The 12 anti-selfdual forms 72 (da;), where i =1,2,3, and SgJ(Va;),
where i,j=1,2,3.
© The anti-selfdual Weyl curvature W~ € S3(A?).

In particular, this implies that Ric and W™ are expressible in terms of (1)
and (2) + lower order terms in S2( V4 (su(2))).
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Explicit formulae: Self-dual Weyl

W =- i(2g(dal,w1) - g(daz,w>) — g(daz,w3)
+g (a1, a2) - g(ha1,a3) —Qg(J132,a3))(2Wf )
- 5((d2) - g(das,00) + g, ) + g(Loan, ) (3 - })

= %(g(daszl) +g(ha1,a3)) (w1 Owo)

- %(g(dag,wz) +g(haz,a1))(w2 ©ws)

1
- Z(g(d817w3) +g(ha3,2)) (w3 ©wr) € SG(A).

Udhav Fowdar (UniTo) Flows of SU(2)-structures and beyond 25th June - 5th July 2024 13 /21



Explicit formulae: Ricci

3
Scal(g) = =2( L (dar. i) + (a(ar): Ja(a2)) + £ (a1): Ja(as)

+g(ha(22), J5(3)) ).
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Explicit formulae: Ricci

3
Scal(g) = =2( L (dar. i) + (a(ar): Ja(a2)) + £ (a1): Ja(as)

+g(ha(22), J5(3)) ).

Rico(g) = P1(72(®1)) + Pa(m2(®2)) + P3(n2(®3)),

where recall P;: A2 5 S&, and
1
¢1 = dal + Z(Jz(ag) A J2(33) - Jl(al) AN J2(83) + Jz(ag) AN al)

- %(Jl(al) A Js(22) + Ja(33) A 31) %(J3(a3) A Js(2)),

and similar expressions hold for @5, ®3.
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Explicit formulae: Ricci

3
Scal(g) = =2( L (dar. i) + (a(ar): Ja(a2)) + £ (a1): Ja(as)

+g(ha(22), J5(3)) ).

Rico(g) = P1(72(®1)) + Pa(m2(®2)) + P3(n2(®3)),

where recall P;: A2 5 S&, and
&y = dag + %(Jz(az) AJp(az) —Ji(a1) A Ja(a3) + Ja(az) Aa1)
- (e A Js(22) + Js(as) n an) = > (Js(a3) 1 s (22)),
and similar expressions hold for @5, ®3.

Let's go back to SU(2)-flows
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SU(2) flows

Any SU(2)-flow can be expressed as
Or(w)=Aow

where A= fog + Bo1 + Boo + Bos + fiws + Hhwa + fiws
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SU(2) flows

Any SU(2)-flow can be expressed as
Or(w)=Aow
where A = fog + 5071 + 8072 + Bo73 + flwl + fgu)g + f3w3

0wy = +owy + Hws — Hhws + By 1
Orwr = —fw1 + fowa + fLws + By 2

atW3 = +f2w1 - f1WQ + fbw3 + Bo’3

Recall that there is a 72-parameter of SU(2)-flows.

Udhav Fowdar (UniTo) Flows of SU(2)-structures and beyond 25th June - 5th July 2024



SU(2) flows

Any SU(2)-flow can be expressed as
Or(w)=Aow
where A = fog + 5071 + 8072 + Bo73 + flwl + fgu)g + f3w3

0wy = +owy + Hws — Hhws + By 1
Orwn = —Hwy + fowa + fLws + By 2
atW3 = +f2w1 - f1WQ + fow3 + Bo’3

Recall that there is a 72-parameter of SU(2)-flows.

But there are some flows which are more natural than other namely those
that arise gradient of some functionals.
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Quadratic functionals

S$2(Vi(su(2))) = 15R @ 21R3

So there are 15 quadratic functionals in T. These are explicitly given by

| g(ai. ) vol
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Quadratic functionals

S$2(Vi(su(2))) = 15R @ 21R3

So there are 15 quadratic functionals in T. These are explicitly given by
| g(ai. ) vol

and include [ |T[>vol and [ |N,|?vol.
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Quadratic functionals

S$2(Vi(su(2))) = 15R @ 21R3

So there are 15 quadratic functionals in T. These are explicitly given by
| g(ai. ) vol
and include [ |T[>vol and [ |N,|?vol.

By comparison:

S*(Vi(g2)) = 4R @ ---
S2(Vi(spin(7))) =2R & ---
S2(Vi(su(3))) = 11R & ---

Rmk: One can also consider functionals coming the R components of
Vo(h) e.g. [),Scal(g)vol
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SU(2) flows

Consider the 2-parameter family given by

3
Or(w) = (-2Ric(g) - MLvg + A2 ;diV(ai)) ow = Q(w),

where V = Z?:l (J,-a,-)“.
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SU(2) flows

Consider the 2-parameter family given by

3
Or(w) = (-2Ric(g) - MLyg + A2 Y div(a;)) o w =: Q(w),
i-1
where V = Z?:l (J,-a,-)“.
@ If A\ =0, X2 =1 and ignore Ricci term then this is negative gradient

flow of [,,|T|>vol for fixed g. This called the harmonic/isometric
flow.
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SU(2) flows

Consider the 2-parameter family given by
3
dr(w) = (-2Ric(g) - MLvg + X2 ) div(a))) o w = Q(w),
i-1
where V = Z?:l (J,-a,-)“.
@ If A\ =0, X2 =1 and ignore Ricci term then this is negative gradient

flow of [,,|T|>vol for fixed g. This called the harmonic/isometric
flow.

@ If A1 =0 and X\ =1 then this is Ricci harmonic flow.
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SU(2) flows

Consider the 2-parameter family given by

3
Or(w) = (-2Ric(g) - MLvg + A2 ;diV(ai)) ow = Q(w),

where V = Z?:l (J,-a,-)“.

@ If A\ =0, X2 =1 and ignore Ricci term then this is negative gradient
flow of [,,|T|>vol for fixed g. This called the harmonic/isometric
flow.

@ If A1 =0 and X\ =1 then this is Ricci harmonic flow.
© If A1 =1 and X2 = 1/2 then this is negative gradient flow of [,,|T|?vol.
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SU(2) flows

F- Sa Earp

The SU(2)-flow

3
Ot(w) = (—2Ric(g) - MLg2 .8+ i;div(a;)) ow

has short time existence and uniqueness for 9 — 4v/5 < Ao + % <9+4./5.

v
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Sketch proof

Flow is not parabolic due to diffeomorphism invariance! This suggests to
use DeTurck trick as in the case of Ricci flow.
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Sketch proof

Flow is not parabolic due to diffeomorphism invariance! This suggests to
use DeTurck trick as in the case of Ricci flow.
S1: Replace Q(w) by P(w) = Q(w) + Lxw, where X = WpT + A1V
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Sketch proof

Flow is not parabolic due to diffeomorphism invariance! This suggests to
use DeTurck trick as in the case of Ricci flow.

S1: Replace Q(w) by P(w) = Q(w) + Lxw, where X = WpT + A1V
S2: The new flow becomes

de(w) = (-2Ric(g) + Lwp g + A2 Y div(aj)w; — dX’) o w
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Sketch proof

Flow is not parabolic due to diffeomorphism invariance! This suggests to
use DeTurck trick as in the case of Ricci flow.

S1: Replace Q(w) by P(w) = Q(w) + Lxw, where X = WpT + A1V
S2: The new flow becomes

de(w) = (-2Ric(g) + Lwp g + A2 Y div(aj)w; — dX’) o w

Upshot: Symmetric part is Ricci DeTurck flow (which is strongly
parabolic!), so suffices to linearise skewsymmetric part and compute the
condition when principal symbol of Lp is invertible: this gives the range.
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Sketch proof

Flow is not parabolic due to diffeomorphism invariance! This suggests to
use DeTurck trick as in the case of Ricci flow.

S1: Replace Q(w) by P(w) = Q(w) + Lxw, where X = WpT + A1V
S2: The new flow becomes

de(w) = (-2Ric(g) + Lwp g + A2 Y div(aj)w; — dX’) o w

Upshot: Symmetric part is Ricci DeTurck flow (which is strongly
parabolic!), so suffices to linearise skewsymmetric part and compute the
condition when principal symbol of Lp is invertible: this gives the range.
S3: Pulling back by the flow generated by X yields short time existence for
original flow: J;(w) = Q(w).
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S2: The new flow becomes

de(w) = (-2Ric(g) + Lwp g + A2 Y div(aj)w; — dX’) o w

Upshot: Symmetric part is Ricci DeTurck flow (which is strongly
parabolic!), so suffices to linearise skewsymmetric part and compute the
condition when principal symbol of Lp is invertible: this gives the range.
S3: Pulling back by the flow generated by X yields short time existence for
original flow: J;(w) = Q(w).

S4: Uniqueness: given 2 solutions, we can pullback by the diffeomorphisms
generated by AV, to get 2 Ricci like flows. Use harmonic map flow to get
another pair of diffeomorphisms and show that pullback flow is parabolic
(hence unique). Then since V; depend on w;, one can argue that they

induce the same diffeomorphism.
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SU(2) flows

The SU(2)-flow

3
0:(w) = (-2Ric(8) ~XaLyz, 8 + X2 3 iv(ai)) o

has short time existence and uniqueness for 9 — 4v/5 < Ao + % <9+ 4/5.

v
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SU(2) flows

The SU(2)-flow

3
0:(w) = (-2Ric(8) ~XaLyz, 8 + X2 3 iv(ai)) o

has short time existence and uniqueness for 9 — 4v/5 < Ao + % <9+ 4/5.

v

@ We can add terms involving W* (i.e. g(daj,w;)) into the above flow
and still get existence! Are there good choices?
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SU(2) flows

F- Sa Earp

The SU(2)-flow

3
0:(w) = (-2Ric(8) ~XaLyz, 8 + X2 3 iv(ai)) o

has short time existence and uniqueness for 9 — 4v/5 < Ao + % <9+ 4/5.

4

@ We can add terms involving W* (i.e. g(daj,w;)) into the above flow
and still get existence! Are there good choices?

© The Lie derivative term can more generally be set to Y j AL 2,8

© Questions: What l.o.t to choose? Are there flows preserving torsion
classes (or combinations of those) e.g. Laplacian flow? Long time
existence, singularities, ...
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Thank you for listening!
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