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For w € c1(L) Kahler, we set

Hy:={¢p € CZ(X,R), w+ dd“¢p > 0}.

.

Metric structure on H,;.

By work of Mabuchi '82, there is a natural metric on H, where

1
2. - 712 c n
da(do, 1)? = {'Qf}/o /X|¢t| (w+ dd°ge)",

the inf taken over smooth paths joining ¢o and ¢z.
(Semmes, Donaldson '90s: particular geometric importance in the cscK
problem.)

\,
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More generally, it will be practical to work in
H® :={p € L (X,R), w+ dd“¢ > 0 weakly}.
v

Darvas '14 (building on Bedford—Taylor, BBEGZ)

d» admits a natural extension to H[°, which makes it a geodesic metric space.
H, C H° is a dense embedding.
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Chen—Cheng '18

The space (H{°, d») has negative curvature in the sense of Busemann: given
geodesics {¢:}, {t+}, the function

t— d2(¢t7 ¢f)

is convex.

In a space of negative curvature, it is natural to study its boundary at infinity:
equivalence classes of geodesic rays [0, 00) 3 t — ¢¢, 1) with
d2(¢t7 'l:bf)

f —t—o00 0.
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A metric ¢ € H{° induces a Hermitian norm on the space of sections
F(X, L®*) given by

lIslBex = /X 5 ke

The sequence of norms k — || - || ;e has a few important properties:
@ controlled growth as k — oo;
@ "almost” submultiplicativity: if s is a section of L%¥, t of L®™, then

I - tllgorem” <" Isllgok][t]lpom-

By general quantisation results (Bouche, Tian, Catlin, Zelditch, ...), one can
recover ¢ from the data of this sequence of norms.
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We can thus first look at the boundary at infinity of the space A/(Vk) of
Hermitian norms on Vj := (X, L®¥).

N (Vi) is a symmetric space with a natural Riemannian metric d> «.

Given || - || € N(Vk), and picking an orthogonal basis (s;);, geodesic rays
starting at || - || are of the form

1Y aisils = lail?|sil|*e =

for choices of real numbers \;. We then have

1/t A
(I aisille) ™ —eseo max|ailoe™

with |ajlo = 1 iff a; # O is the trivial absolute value on C.

This defines an ultrametric norm || - || on V, i.e. satisfying

[[As 4 ¢]> < max(|Alolls||>, [[£]]*).
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submultiplicative sequences of norms on the V. Using the previous description
of the boundary at infinity of the space of norms on Vi, we see that:

Phong—Sturm '04, Ross—Witt Nystrom '11, Finski '23

The boundary at infinity of (H{°, d») is a space of bounded, submultiplicative

sequences of ultrametric norms on the V.
V.

To any such sequence of norms || - ||e one can associate a compactly supported
probability measure on R, its Duistermaat—Heckman measure
(Boucksom—Chen '08), which is a rescaled weak limit of

Ok 1= E 0 — tog lls; g Il
7 k

with (si )i a(n ultrametric) orthogonal basis for || - ||«.
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functions on the support of the Duistermaat—Heckman measure of || - ||s.

Theorem (R.-Witt Nystrém '23)

For all ¢ € H{°, there exists an isometric embedding
12 (C, L) = (H°, db)

mapping the apex of C to ¢.

.

This means that any ¢ lies in infinitely many infinite-dimensional flat cones,
where a flat is the image of the isometric embedding of a totally geodesic
subset of a real vector space. (Geodesics = 1-dimensional flats.)

.

Let f;(x) = —tx. Then t — (f;) is the canonical geodesic ray (in the sense of
Phong—Sturm) starting at ¢ and directed by || - ||e.

.
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@ The space C acts naturally on || - ||s (by rescaling values of the sequence
of norms on orthogonal bases by the values of the convex function):

e convexity acts as a nondiscrete version of submultiplicativity
and preserves it;

o boundedness preserves boundedness;

e the decreasing hypothesis takes care of some algebraic
problems.

@ Thus f € C induces || - ||

© Prove that the map f + || - |5 induces a flat subset of the boundary at
infinity. (Linear algebra...)

@ || - || induces a geodesic ray starting at ¢, and we take ¢(f) to be this ray
at time t = 1.

@ Use deep results of Finski '23 (analysing such geodesic rays) to show that
flatness at t = oo (in the boundary at infinity) induces flatness at t = 1.
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