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Some motivation

Let G ⊂ O(n), and consider a G-structure on a Riemannian
manifold (M, g).
For our purposes, this is a section Φ ∈ Γ(

⊗
TM) of some

tensor bundle.

The G-structure Φ is called integrable (or torsion-free),
and (M, g,Φ) an integrable special geometry if ∇gΦ = 0.

This entails a holonomy reduction Hol(∇g) ⊂ G ⊂ O(n).

Otherwise, it is called non-integrable, and ∇gΦ its torsion.

Examples for integrable geometries: Kähler manifolds,
torsion-free G2-manifolds, . . . (Berger’s holonomy list)

Sometimes related to the existence of parallel spinors.
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Some motivation

Nonintegrable G-structures are classified according to the
algebraic type of their torsion (Gray–Hervella for U(n),
Fernandez–Gray for G2, . . . )

Most nonintegrable geometries do not have an integrable
analogue!

Example: Sasaki structures, where
G = U(n)× {1} ⊂ O(2n+ 1).

A particularly interesting class of nonintegrable
G-structures are those for which there exists a
G-connection with skew-symmetric torsion tensor.
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Geometries with parallel skew torsion

Definition

A geometry with parallel skew torsion (M, g, τ) is a
Riemannian manifold together with a 3-form τ ∈ Ω3(M) such
that ∇ττ = 0 for the connection on TM given by

∇τ := ∇g + τ.

τX := X ⌟ τ ∈ Λ2T ∗M ∼= so(TM) for any X ∈ TM .

The torsion tensor is given by T τ = 2τ .

∇τ is a G-connection for the stabilizer group
G = Stab(τ) ⊂ O(n), and Hol(∇τ ) ⊆ G.

Geometries with parallel skew torsion are sometimes
related to existence of Killing spinors.
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Example: Gray manifolds

A nearly Kähler manifold (M, g, J) is an almost Hermitian
manifold such that

∇gJ ∈ Ω3(M).

Its canonical Hermitian connection is given by

∇τ = ∇g + τ, where τXY = −1

2
J(∇g

XJ)Y.

This is a geometry with parallel skew torsion.
If dimM = 6, τ ̸= 0 defines a nonintegrable SU(3)-structure
on (M, g), and we call (M, g, J) a Gray manifold.
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Example: Nearly parallel G2-manifolds

A G2-manifold (M, gφ, φ) is called nearly parallel if its torsion
has only a scalar part, that is

dφ = τ0 ⋆φφ, τ0 ∈ R.

Its canonical G2-connection is given by

∇τ = ∇g + τ, where τ =
τ0
12

φ.

This is a geometry with parallel skew torsion.
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Example: Naturally reductive spaces

Let (G/H,m) be a reductive homogeneous space, that is,
g = h⊕m is an Ad(H)-invariant decomposition.
Let g be an invariant Riemannian metric. (G/H,m, g) is
called naturally reductive if

g([X, Y ]m, Z) + g(Y, [X,Z]m) = 0 ∀X, Y, Z ∈ m.

The canonical reductive connection is given by

∇τ = ∇g + τ, where τXY = −1

2
[X, Y ]m.

This is again a geometry with parallel skew torsion!

Paul Schwahn (Paris-Saclay) Geometries with parallel skew torsion



Holonomy

The following question has been asked in many contexts and
variations:

Question (É. Cartan, de Rham, Berger, ...)

Can we classify geometries according to their holonomy?

More precisely, we would like to be able to:

decompose geometries into “irreducible” ones,

completely describe the irreducible geometries.

⇝ “reduction to atoms”.

Let us begin by reviewing a few theorems about Riemannian
holonomy.
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Review of Riemannian holonomy

Let (Mn, g) be a connected Riemannian manifold, let
Hol(∇g) ⊂ O(n) be the Riemannian holonomy group, and
Hol0(∇g) its connected component of the identity.

Theorem (deRham 1952, local version)

If at some point p ∈ M , the holonomy representation
Hol0(∇g) ↷ TpM is reducible into TpM =

⊕
i Ti, then

(M, g) is locally isometric to a Riemannian product∏
i(Mi, gi), and we have Hol0(∇g) =

∏
i Hol

0(∇gi).

Roughly: Holonomy-reducible ⇐⇒ locally product.
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Review of Riemannian holonomy

Let (Mn, g) be a connected Riemannian manifold, let
Hol(∇g) ⊂ O(n) be the Riemannian holonomy group, and
Hol0(∇g) its connected component of the identity.

Theorem (Berger 1955, Alekseevski 1968)

If (Mn, g) is not locally symmetric (i.e. ∇gRg ̸= 0) and has
irreducible holonomy representation, then Hol0(∇g) is one of
the following:

SO(n), U(n
2
), SU(n

2
), Sp(1) · Sp(n

4
), Sp(n

4
),

Spin(7) (n = 8), G2 (n = 7).
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Decomposing skew torsion

Let (M, g, τ) be a geometry with parallel skew torsion,
∇τ = ∇g + τ .

(M, g, τ) is called decomposable if there exists a
nontrivial splitting TM = T1 ⊕ T2 into ∇τ -parallel
distributions such that τ = τ1 + τ2 for τi ∈ Γ(Λ3Ti).
Otherwise, it is called indecomposable.

Theorem (Storm 2017, Cleyton–Moroianu–Semmelmann 2021)

If (M, g, τ) is decomposable, it is locally isometric to a
product (M1, g1, τ1)× (M2, g2, τ2).

Indecomposable geometries with parallel skew torsion may
still be holonomy-reducible (for ∇τ )!
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The standard submersion

Let (M, g, τ) be a geometry with parallel skew torsion,
∇τ = ∇g + τ . The following construction is due to
Cleyton–Moroianu–Semmelmann (2021).

For p ∈ M , consider the representation of the holonomy
Lie algebra hol(∇τ ) ⊂ so(n), and decompose it into
irreducibles:

TpM = h1 ⊕ . . .⊕ hk ⊕ v1 ⊕ . . .⊕ vl,

such that hol(∇τ ) ∩ so(hα) ̸= 0 ∀α = 1, . . . , k, and
hol(∇τ ) ∩ so(vj) = 0 ∀j = 1, . . . , l.

Let Hα,Vj ⊂ TM be the associated ∇τ -parallel
distributions, and let H =

⊕
α Hα and V =

⊕
j Vj,

respectively.
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The standard submersion

(M, g, τ) geometry with parallel skew torsion, ∇τ = ∇g + τ ,
H =

⊕
α Hα, V =

⊕
j Vj, TM = H⊕ V .

The torsion τ ∈ Ω3(M) splits as

τ = τH + τm + τV ,

where pointwise τH ∈
⊕

α Λ
3Hα, τ

V ∈ Λ3V , and
τm ∈

⊕
α Λ

2Hα ⊗ V .
The distribution V is integrable, and thus defines a
foliation of M .

Near a point p ∈ M , let N be the local leaf space of this
foliation.
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The standard submersion

(M, g, τ) geometry with parallel skew torsion, ∇τ = ∇g + τ ,
TM = H⊕ V , τ = τH + τm + τV .

We obtain a locally defined Riemannian submersion
π : (M, g)↣ (N, gN) with totally geodesic fibers, the
standard submersion.

H and V are the horizontal and vertical distributions of π,
respectively.

τH is projectable to N (τH = π∗σ for σ ∈ Ω3(N)), and
(N, gN , σ) is again a geometry with parallel skew torsion.

The fibers (F, g
∣∣
F
, τV

∣∣
F
) of π are again geometries with

parallel skew torsion and parallel curvature (∇τRτ = 0),
so they are naturally reductive Ambrose-Singer manifolds.

The O’Neill invariant measuring the failure of H to be
integrable is given by A = −τm.
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The standard submersion

(M, g, τ) geometry with parallel skew torsion, ∇τ = ∇g + τ ,
π : (M, g, τ)↣ (N, gN , σ) standard submersion.

To summarize:

The fibers of π are “nice”: they are (locally) naturally
reductive homogeneous. Storm (2019) gave a
classification scheme for these.

Since τ ∈
⊕

α Λ
3Hα, the base (N, gN , σ) is

decomposable, thus locally a product
∏

α(Nα, gα, σα).

Thus, we have “reduced” (M, g, τ) to smaller geometries.

Yet we cannot infer that the (Nα, gα, σα) are
holonomy-irreducible.
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Irreducible geometries with parallel skew torsion

Let (M, g, τ) be a geometry with parallel skew torsion, τ ̸= 0.

Theorem (Cleyton–Swann 2004, Moroianu–S. 2024)

If the representation of hol(∇τ ) on the tangent space is
irreducible, then (M, g, τ) (locally) belongs to one of the
following classes:

1 Non-symmetric isotropy irreducible homogeneous spaces.

2 The symmetric spaces (G×G)/G, GC/G or (G⋉ g)/G,
where G is a compact simple Lie group.

3 Gray manifolds and weak holonomy G2-manifolds.

4 dimM = 3, with τ = c · volg, c ∈ R.

Isotropy irreducible spaces are classified (Wolf 1968).

The above result holds even without the assumption of τ
being skew-symmetric.
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Example: Twistor spaces over qK manifolds

Let (N4n, gN , ωi), i = 1, 2, 3, be a quaternion-Kähler manifold,
i.e. Hol(∇gN ) ⊆ Sp(1) · Sp(n), span{ω1, ω2, ω3} = sp(1).

For any p ∈ N , denote with Zp ⊂ Λ2TpM the 2-sphere of
compatible complex structures on TpM .

The total space Z :=
∐

p∈N Zp is called the twistor space
of (N, gN), and π : Z → N is called the twistor fibration.

Theorem (Alexandrov–Grantcharov–Ivanov, 1998)

If gN has positive scalar curvature, then there exist

1 a Kähler structure on Z,

2 a (strict) nearly Kähler structure on Z,

both making π into a Riemannian submersion with totally
geodesic fibers.
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Example: Sasaki manifolds

Let (M2n+1, g, ξ,Φ) be a Sasaki manifold, that is, a
Riemannian manifold equipped with ξ ∈ X(M) and
Φ ∈ Ω2(M) such that

dξ = 2Φ, ∇g
XΦ = −2X ∧ ξ ∀X ∈ X(M).

Φ defines a complex structure on the distribution ξ⊥ ⊂ TM .
(M, g, ξ ∧ Φ) is a geometry with parallel skew torsion.

Theorem (Boothby–Wang 1958, Hatakeyama 1963; local
version)

There is a locally defined Riemannian submersion with totally
geodesic fibers (M2n+1, g)↣ (N2n, gN , ω) over a Kähler
manifold, such that π∗ω = Φ.
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Example: 3-(α, δ)-Sasaki manifolds

A 3-(α, δ)-Sasaki manifold (M4n+3, g, ξi,Φi) is a Riemannian
manifold together with ξi ∈ X(M), Φi ∈ Ω2(M), i = 1, 2, 3,
α, δ ∈ R, α ̸= 0, such that

ξk = ξi ⌟ Φj = −ξj ⌟ Φi,

Φk = −Φi ◦ Φj + ξ♭j ⊗ ξi = Φj ◦ Φi − ξ♭i ⊗ ξj,

dξi = 2αΦi + 2(α− δ)ξj ∧ ξk

for all i, j, k = 1, 2, 3 with sign(ijk) = 1. This is again a
geometry with parallel skew torsion, for the right choice of τ .

Theorem (Stecker 2021, local version)

There is a locally defined Riemannian submersion with totally
geodesic fibers π : (M4n+3, g)↣ (N4n, gN , ωi) over a
quaternion-Kähler manifold, such that π∗ωi = Φi.
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Intermediate subalgebras

You may have noticed that I did not mention the
holonomy group at all in the last three examples.

Indeed, these submersion constructions utilize the
structure of the representation g ↷ TpM for a fixed Lie
algebra hol(∇τ ) ⊆ g ⊆ stab(τ).

Theorem (Moroianu-S. 2024)

Let (M, g, τ) be a geometry with parallel skew torsion.
We can replace hol(∇τ ) with g in the definition of
TM = H⊕ V and call it the canonical g-splitting. This again
gives a locally defined submersion π : (M, g)↣ (N, gN), the
canonical g-submersion, and it retains all the nice properties of
the standard submersion.
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The canonical g-submersion

Making g larger =⇒ making V smaller, and making
H =

⊕
α Hα coarser.

However, we now have a satisfying decomposition result:

Theorem (Moroianu-S. 2024)

The base (N, gN , σ) of the canonical g-submersion is locally a
product of geometries with parallel skew torsion∏

α(Nα, gα, σα) which have irreducible stab(σα)-action.

This begs two questions:

1 What are the stab(τ)-irreducible geometries with parallel
skew torsion?

2 Can we characterize the cases where hol(∇τ ) ⊊ stab(τ)?
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Irreducible geometries with parallel skew torsion II

Let (M, g, τ) be a geometry with parallel skew torsion, τ ̸= 0.

Theorem (Cleyton–Swann 2004, Moroianu–S. 2024)

If the representation of stab(τ) on the tangent space is
irreducible, then (M, g, τ) (locally) belongs to one of the
following classes:

1 Non-symmetric isotropy irreducible homogeneous spaces.

2 The symmetric spaces (G×G)/G, GC/G or (G⋉ g)/G,
where G is a compact simple Lie group.

3 Gray manifolds and weak holonomy G2-manifolds.

4 dimM = 3, with τ = c · volg, c ∈ R.

These are the same classes as in the holonomy-irreducible case
– but now we allow for holonomy reducible spaces!
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Holonomy vs. stabilizer

We would like to compare hol(∇τ ) to stab(τ) in the
classification theorem.

Theorem (Moroianu–S. 2024)

In cases 1 (isotropy irreducible) and 2 (symmetric of group
type), the only spaces with hol(∇τ ) ⊊ stab(τ) are

the Berger space SO(5)/ SO(3)irr with its nearly parallel
G2-structure, where hol(∇τ ) = so(3)max ⊂ g2,

the compact and simple Lie groups (G×G)/G with the
flat Cartan-(±)-connections.
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Holonomy vs. stabilizer: Gray manifolds

Let (M, g, τ) be a Gray manifold: hol(∇τ ) ⊆ stab(τ) = su(3).

Theorem (Moroianu–S. 2024)

We have hol(∇τ ) = su(3), except for

the homogeneous Gray manifold S3 × S3 = S3×S3×S3

diag(S3)
,

where hol(∇τ ) = so(3) ⊂ su(3),

complex reducible holonomy representation,
i.e. hol(∇τ ) ⊆ s(u(2)⊕ u(1)). In this case (M, g, τ) is
locally isometric to the twistor space over a self-dual
Einstein 4-manifold.

Moreover, hol(∇τ ) ⊊ s(u(2)⊕ u(1)) only for the
homogeneous Gray manifold SU(3)/T 2.

The complex reducible case is a converse to Reyes-Carrión
(1993) and extends Belgun–Moroianu (2001).
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Holonomy vs. stabilizer: Nearly parallel G2 mfds.

Let (M, g, τ) be nearly parallel G2: hol(∇τ ) ⊆ stab(τ) = g2.

Theorem (Moroianu–S. 2024)

We have hol(∇τ ) = g2, except for

the Berger space SO(5)/ SO(3)irr with its nearly parallel
G2-structure, where hol(∇τ ) = so(3)max ⊂ g2,

reducible holonomy representation. In this case, (M, g, τ)
is 3-(α, δ)-Sasakian with δ = 5α, and hol(∇τ ) ⊆ so(4).

Moreover, hol(∇τ ) ⊊ so(4) only if hol(∇τ ) = u(2) and the
base (N4, gN) is Kähler–Einstein.

This extends Friedrich (2007). The holonomy-reducible case is
a converse to Agricola–Dileo (2020).
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Just for fun: Almost irreducible stabilizer action

Let (M, g, τ) be a geometry with parallel skew torsion.

Theorem (Moroianu–S. 2024)

Assume that the representation stab(τ) ↷ TpM is almost
irreducible in the sense that

TpM ∼= R⊕ V, V irreducible,

and that (M, g, τ) has no local 1-dimensional factor. Then
stab(τ) = u(n), and (M2n+1, g, τ) is Sasakian.

Moreover, if hol(∇τ ) ⊊ stab(τ), then the Kähler base
(N2n, gN) of the canonical u(n)-submersion is decomposable,
positive Kähler–Einstein, or hyperkähler.
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Thank you!
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